Abstract. An invertible linear map ϕ on a Lie algebra L is called a triple automorphism of
Introduction
For an associative algebra A defined over a field F , a linear map ϕ on it is called a Lie triple derivation if ϕ ([x, [y, z] ]) = [ϕ(x), [y, z] ] + [x, [ϕ(y) , z]] + [x, [y, ϕ(z) ]] for any x, y, z ∈ A, where the bracket operation is defined as [x, y] = xy − yx. The set of all Lie triple derivations of A, which we denote by TDer(A), forms a Lie algebra relative to the ordinary bracket operation [ϕ 1 , ϕ 2 ] = ϕ 1 ϕ 2 − ϕ 2 ϕ 1 , and contains the set Der(A) of all Lie derivations of A as its subalgebra. The concept, Lie triple derivation, was first introduced by C. for a nilpotent linear Lie algebra over a commutative ring. In fact, the derivation algebra, Der(A), of an algebra A has a close relation with the automorphism group, Aut(A), of A. In our view, Der(A) is just a linearization of Aut(A), and conversely, Aut(A) is just a group object of Der(A). From this point of view, a similar concept, which can be viewed as the group object of TDer(A), is now introduced naturally. An invertible linear map ϕ on A is called a Lie triple
It is clear that the product of two such maps and the inverse of such map are also such maps. So all triple automorphisms of L form a group under composition of maps, which is denoted by TAut(L). Note that every automorphism of L is obviously a triple automorphism of it. However, the converse of this assertion may be false. As a simple example, we consider the radical of a simple Lie algebra of type A 2 , consisting of all 3 × 3 strictly upper triangular matrices. One will see that the invertible linear map, permuting E 12 and E 13 , fixing E 23 , and extending linearly, is a triple automorphism of it, but fails to be an automorphism. To give a more interesting example we consider the general linear Lie algebra gl(n, F ) consisting of all n × n matrices over F . Define ω to be the map on gl(n, F ) sending any matrix
Then it is not difficult to verify that ω is a triple automorphism of gl(n, F ), but it fails to be an automorphism. The above two examples show that it may be interesting to study how much TAut(L) differs from Aut(L) for a given Lie algebra L. In this article, we wish to answer this question for L an arbitrary parabolic subalgebra of a finite-dimensional simple Lie algebra over F .
Notation and some elementary results
We follow the notation of [6] . Let F be an algebraically closed field of characteristic zero, g a finite-dimensional simple Lie algebra of rank l over F , h a fixed Cartan subalgebra of g, Φ ⊆ h * the corresponding root system of g, ∆ a fixed base of Φ and Φ + (resp., Φ − ) the set of positive (resp., negative) roots relative to ∆. The roots in ∆ are called simple. Actually, ∆ defines a partial order on Φ in such a way that β ≺ α iff α − β is a sum of simple roots or β = α. For β = α∈∆ k α α ∈ Φ, the integer α∈∆ k α is called the height of β and denoted by ht β. By θ we denote the unique maximal root in Φ. We denote by ker α, for α ∈ Φ, the kernel of α in h. For each α ∈ Φ + , let e α be a non-zero element of g α , then there is a unique element e −α ∈ g −α such that e α , e −α , h α = [e α , e −α ] span a three-dimensional simple subalgebra of g
